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Abstract. We consider the so-called one-dimensional forest-fire process. At each site 
of Z, a tree appears at rate 1. At each site of Z a fire starts at rate A > 0, destroy- 
ing immediately the whole corresponding connected component of trees. We show that 
when making A tend to 0, with a correct normalization, the forest-fire process tends to 
an uniquely defined process, of which we describe precisely the dynamics. The normal- 
ization consists of accelerating time by a factor log(l / A) and of compressing space by a 
factor Alog(l/A). The limit process is quite simple: it can be built using a graphical con- 
struction, and can be perfectly simulated. Finally, we derive some asymptotic estimates 
(when A — > 0) for the cluster-size distribution of the forest-fire process. 

Key words: Stochastic interacting particle systems, Self organized criticality, Forest-fire 
model. 
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1. Introduction and main results 

1.1. The model. Consider two independent families of independent Poisson processes N — 
{Nt{i))t>o,i&t and M A = (M t A (i)) t > 0jigZ , with respective rates 1 and A > 0. Denote by 
jrN,M x ._ ^(jv^), Af s A (i),s < t,i G Z). For a, b £ Z, with a < b, we set [[a, 6] = {a, ...,&}. 

Definition 1. Consider a {0, 1} Z -valued (J-^' M ) t >Q-adapted process (?y A ) t >o, such that 
(i]f(i))t>Q is a.s. cddlag for all i £ Z. 

We say that (?7 A )t>o is a X-FFP (forest-fire process) if a.s., for all t > 0, all i £ Z, 

r? A (z) = / 1 { » (i)=0} dN s ({) -J2 I Mkec- m dM s( k )> 

where C A (i) = ifrf(i) = 0, while C A (i) = p A (i),r A (i)] ifr]*(i) = 1, with 

I*(i) = sup{k<i;n*(k) = 0} + 1 and r A (i) = inf{/c> i; r/ A (fc) = 0} - 1. 

Formally, saying that r/ A (i) = if there is no tree at site i at time t and ?7 A (i) = 1 else, 
C A (i) stands for the connected component of occupied sites around i at time t. Thus the 
forest-fire process starts from an empty initial configuration, trees appear on vacant sites 
at rate 1 (according to N), and a fire starts on each site at rate A > (according to M A ), 
burning immediately the corresponding connected component of occupied sites. 

This process can be shown to exist and to be unique (for almost every realization of N, M A ), 
by using a graphical construction. Indeed, to build the process until a given time T > 0, 
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it suffices to work between sites i which are vacant until time T (because Nx(i) = 0). 
Interaction cannot cross such sites. Since such sites are a.s. infinitely many, this allows us 
to handle a graphical construction. We refer to Van den Berg-Jarai [J], see also Liggett [T5] 
for many examples of graphical constructions. Let us observe that this construction works 
only in dimension 1. 

1.2. Motivation and references. The study of self-organized critical (SOC) systems has 
become rather popular in physics since the end of the 80's. SOC systems are simple mod- 
els supposed to enlight temporal and spatial randomness observed in a variety of natural 
phenomena showing long range correlations, like sand piles, avalanches, earthquakes, stock 
market crashes, forest fires, shapes of mountains, clouds, ... Roughly, the idea, present 
in Bak-Tang-Wiesenfeld 1 about sand piles, is that of systems growing towards a critical 
state and relaxing through catastrophic events (avalanches, crashes, fires, ...). The most 
classical model is the sand pile model introduced in 1987 in pQ, but a lot of variants or 
related models have been proposed and studied more or less rigorously, describing earth- 
quakes (Olami-Feder-Christensen, [Hj) or forest fire (Henley [13], Drossel-Schwabl, |8J). For 
surveys on the subject, see Bak-Tang-Wiesenfeld |2j, Jensen [T3], Bak-Tang-Wiesenfeld [2] 
and the references therein. 

From the point of view of SOC systems, the forest-fire model is interesting in the asymptotic 
regime A — > 0. Indeed fires are less frequent, but when they occur, destroyed clusters may be 
huge. This model has been subject to a lot of numerical and heuristic studies, see Drossel- 
Clar-Schwabl [9] and Grassberger [12] for references. But there are few rigorous results. 
Even existence of the (time-dependent) process for a multidimensionnal lattice and given 
A > has been proved only recently [10\ 111) , and uniqueness is known to hold only for 
A large enough. The existence, uniqueness of an invariant distribution (as well as other 
qualitative properties) even in dimension 1, have been proved only recently in [5] for A = 1. 
These last results can probably be extended to the case where A > 1, but the method in [5] 
completely breaks down for small values of A. 

The asymptotic behaviour of the A-FFP as A — * has been studied numerically and heuris- 
tically [HI [SI El H21- To our knowledge, the only mathematical rigorous results are the 
following. 

(a) Van den Berg and Jarai [4] have proved that for t > 3, ^[Vtiogfi/X) (0) = 0] ~ 1/ log(l/ A) , 
thus giving an idea of the density of vacant sites. This result was conjectured by Drossel- 
Clar-Schwabl 0. 

(b) Van den Berg and Brouwer [3J have obtained some results in the two-dimensional case 
concerning the behaviour of clusters near the critical time. However, these results are not 
completely rigorous, since they are based on a percolation-like assumption, which is not 
rigorously proved. 

(c) Brouwer and Pennanen [6] have proved the existence of an invariant distribution for 
each fixed A > 0, as well as a precise version of the following estimate, which extends (a): 
for A e (0, 1), at equilibrium P[#(C A (0)) = x] ~ c/[xlog(l/A)] for x £ {1, (1/A) 1 / 3 }. It 
was conjectured in [5] that this actually holds for x £ {1, l/(Alog(l/A))}, but this was 
rejected in [4]. 

In this paper, we derive rigorously a limit theorem, which shows that the A-FFP converges, 
under rescaling, to some limit forest-fire process (LFFP). We describe precisely the dynamics 
of the LFFP, and show that it is quite simple: in particular, it is unique, can be built by 
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using a graphical construction, and thus can be perfectly simulated. Our result allows us to 
prove a very weak version of (c) for x E {1, (1/A) 1_£ }, for any e > 0, see Corollary [5] 
below. 

1.3. Notation. We denote by #(/) the number of elements of a set I. 
For a, b 6 Z, with a < b, we set [a, 6] = {a, ...,6} C Z. 

For / = Ja, 6] C Z and a > 0, we will set al := [aa, a£>] C R. For a > 0, we of course take 
the convention that a0 = 0. 

For J = [a, 6] an interval of R, \J\ = b — a stands for the length of J, and for a > 0, we set 
a J — [aa, ab]. 

For x S R, L^J stands for the integer part of x. 

1.4. Heuristic scales and relevant quantities. Our aim is to find some time scale for 
which tree clusters see about one fire per unit of time. But for A very small, clusters will 
be very large just before they burn. We thus also have to rescale space, in order that just 
before burning, clusters have a size of order 1. 

Time scale. Consider the cluster C^(x) around some site x at time t. It is quite clear that 
for A > very small and for t not too large, one can neglect fires, so that roughly, each 
site is occupied with probability 1 — e _t , and thus C^(x) ~ [x — X, x + YJ , where X, Y are 
geometric random variables with parameter 1 — e _t . As a consequence, #(C t A (x)) ~ e* for t 
not too large. On the other hand, the cluster C^(x) burns at rate A#(C t A (a;)) (at time t), so 
that we decide to accelerate time by a factor log(l/A). By this way, A#(C 1 ^ g j 1 y A ^(x)) ~ 1. 

Space scale. Now we rescale space in such a way that during a time interval of order log(l/A), 
something like one fire starts per unit of (space) length. Since fires occur at rate A, our space 
scale has to be of order A log(l/A): this means that we will identify JO, [1 / (A log(l/A))J] C Z 
with[0,l]cR. 

Rescaled clusters. We thus set, for A S (0, 1), t > 0, x £ R, recalling Subsection II. 31 

(1) (x) := Alog(l/A)C t A log(1/A) (^/(Alog(l/A))J) C R. 

However, this makes appear an immediate difficulty: recalling that #(C t A (a;)) ~ e* for t not 
too large, we see that for all site x, \D$(x)\ ~ Alog(l/A)e* log(1 / A ) = A 1 "* log(l/A), of which 
the limit as A — > is for t < 1 and +oo for t > 1. 

For t > 1, there might be fires in effect, and one hopes that this will make finite the possible 
limit of \Dt(x)\. But fires can only reduce the size of clusters, so that for t < 1, the limit of 
\D^(x)\ will really be 0. Thus, for a possible limit |-D(x)| of \D x (x)\, we should observe some 
paths of the following form: |Dt(a;)| = for t < 1, \D t (x)\ > for some times t 6 (1,t), 
then it might be killed by a fire and thus come back to 0, then it remains at during a time 
interval of length 1, and so on... 

This cannot be a Markov process because |-D(a;)| always remains at during a time interval 
of lenght exactly 1. We thus have to keep in mind more information, in order to control 
when it exits from 0. 

Degree of smallness. As said previously, we hope that for t < 1, \D£(x)\ ~ A 1_t log(l/A) ~ 
A 1- *. Thus we will try to keep in mind the degree of smallness. We will denote, for A 6 (0, 1), 

x e R, t > 0, 
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log [l + # fe log(1/A) (b/(Alog(l/A))J); 
(2) Z fc) ■= " T37T7T^ ~ ^ [0, < 



log(l/A) 

Final description. We will study the A-FFP through (D^(x), Z^(x)) xe M.,t>o- The main idea 
is that for A > very small: 

(i) if Zt(x) = z £ (0,1), then \D^(x)\ ~ 0, and the (rescaled) cluster containing x is 
microscopic, but we control its smallness, in the sense that \D^(x)\ ~ A 1 " 2 in a very unprecise 
way; 

(ii) if Z^(x) = 1 (we will show below that Z^(x) will never exceed 1 in the limit A — ► 0), 
then automatically the (rescaled) cluster containing x is macroscopic, and has a length equal 
to \D*{x)\ £ (0,oo). 

1.5. The limit process. We now describe the limit process. We want this process to be 
Markov, and this forces us add some variables. 

We consider a Poisson measure M(dt, dx) on [0, oo) x R, with intensity measure dtdx. Again, 
we denote by T t M = a(M(A), A £ B([0, *] x R)). We also denote by I := {[a, b], a < b} the 
set of all closed finite intervals of R. 

Definition 2. A [J-^ 1 )t>Q-adapted process (Z t (x), D t (x), Ht(x))t>o,xem. with values in R + x 
X x R + is a limit forest-fire process (LFFP) if a.s., for all t > 0, all x £ R, 



(3) 



Z t (x) = / l{z s (x)<i}ds- / / l{z s _(a)=i,j/e£>a-(x)}^(rfS)^)) 
Jo Jo Jr t 

H t {x) = / Z s -{x)t {Zs _( x ) < i}M{ds x {x}) - / l{H s ( x) >o}rfs, 



/o Jo 
where D t (x) = [L t (x), R t (x)], with 

L t (x) = sup{y < x- Z t (y) < 1 or H t (y) > 0}, 
Rt(x) = inf{y > x; Z t (y) < 1 or H t (y) > 0}. 

A typical path of the finite box- version of the LFFP (see Section^]) is drawn and commented 
on Figure 2, and a simulation algorithm is explained in the proof of Proposition [8] 

Let us explain the dynamics of this process. We consider T > fixed, and set Bt — {x G 
R;M([0,T] x {x}) > 0}. For each t > 0, x E R, D t (x) stands for the occupied cluster 
containing x. We call this cluster microscopic if D t {x) = {x}. We also have D t (x) — D t (y) 
for all y in the interior of D t (x): if D t (x) = [a, b], then D t (y) = [a, b] for all y G (a, 6). 

1. Initial condition. We have Zo^) = H$(x) = and Dq(x) — {x} for all 

2. Occupation of vacant zones. We consider here a; £ R\£?t- Then we have H t (x) — for all 
t £ [0, T]. When Zt(x) < 1, then Dt{x) — {a;}, and Zt(x) stands for the degree of smallness 
of the cluster containing x. Then Zt{x) grows linearly until it reaches 1, as described by 
the first term on the RHS of the first equation in (J3j> . When Ztix) = 1, then the cluster 
containing x is macroscopic, and is described by D t (x). 

3. Microscopic fires. Here we assume that x £ Bt, and that the corresponding mark of M 
happens at some time t where z :— Zt-(x) < 1. In such a case, the cluster containing x 
is microscopic. Then we set Ht(x) — Zt-(x), as described by the first term on the RHS of 
the second equation of ©, and we leave unchanged the value of Z t (x). We then let H s (x) 
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decrease linearly until it reaches 0, see the second term on the RHS of the second equation 
in (J3|). At all times where H s (x) > 0, i.e. during [t, t + z), the site x acts like a barrier (see 
Point 5. below). 

4- Macroscopic fires. Here we assume that x 6 Bt, and that the corresponding mark of 
M happens at some time t where Z t _(x) = 1. This means that the cluster containing x 
is macroscopic, and thus this mark destroys the whole component D t -(x), that is for all 
y G D t -(x), we set D t (y) = {y}, Z t (y) = 0. This is described by the second term on the 
RHS of the first equation in (J3]). 

5. Clusters. Finally the definition of the clusters (D t (x)) x ^ becomes more clear: these 
clusters are delimited by zones with microscopic sites (i.e. Z t (y) < 1) or by sites where their 
has (recently) been a microscopic fire (i.e. H t (y) > 0). 

1.6. Main results. First of all, it is not quite clear that the limit process exists. 

Theorem 3. For any Poisson measure M , there a.s. exists an unique LFFP, recall Defini- 
tion [H Furthermore, it can be constructed graphically, and thus its restriction to any finite 
box [0, T] x [— n, n] can be perfectly simulated. 

To describe the convergence of the A-FFP to the LFFP, we need some more notation. 

Notation 4. (i) For two intervals [a,b] and [c,d], we set 6([a,b], [c,d]) = \a — c\ + \b — d\. 
We also set by convention 8 ([a, b], 0) = \b — a\. 
(ii) For (x,I),(y,J) in B([0,T],R x 1 U {0}), let 

S T ((x, I), (y, J)) = sup \x(t) - y(t)\ + [ 6(I(t), J(t))dt. 

[0,T] JO 

We are finally in a position to state our main result. 

Theorem 5. Consider, for all A > 0, the processes (Z^(x), D^(x))t>o tX eM associated to 
some the X-FFP, see Definition^ and (Q])-(0). Let (Z t (x), D t {x), H t (x))t>o.xem. be a LFFP 
as in Definition^ 

(a) For any T > 0, any finite subset {x\, ...,x p } C (Z^(xi), D^(xi)) te [ T],i=i p 9 oes i n 

lawto{Z t {xi),D t {xi)) te] o,T],i=i,...,p, mO([0,T],Rx l) p , as X tends to 0. Here D([d, oo),lx 
X) is endowed with the distance St, see Notation^ 

(b) For any finite subset {(ti, a?i), (t p> x p )} C K+ x R, (Z^ (xt), D£. (x{)){ = i p goes in 
law to (Z ti [xi),D ti (xi))i=i,...,p in (R x l) p . 

Observe that the process H does not appear in the limit, since for each x G R, a.s., for all 
t > 0, H t (x) = 0. (Of course, it is false that a.s., for all x £ R, all t > 0, H t (x) = 0). 
We obtain the convergence of D x to D only when integrating in time. We cannot hope for 
a Skorokhod convergence, since the limit process D(x) jumps instantaneously from {x} to 
some interval with positive length, while D x (x) needs many small jumps (in a very short 
time interval) to become macroscopic. 

As a matter of fact, we will obtain some convergence in probability, using a coupling argu- 
ment. Essentially, we will consider a Poisson measure M{dt,dx) as in Subsection 11.51 and 
set, for A G (0, 1) and i G Z, 

M t \i) = M([0,i/log(l/A)] x [iAlog(l/A),(i + l)Alog(l/A))). 

Then (M t A (i)) t >o j iez is an i.i.d. family of Poisson processes with rate A. 
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The i.i.d. family of Poisson processes (N t (i))t>o.iez with rate 1 can be chosen arbitrarily, 
but we will decide to choose the same family for all values of A £ (0, 1). 

1.7. Heuristic arguments. Let us explain here roughly the reasons why Theorem [S] holds. 
We consider a A-FFP (7y A ) t > , and the associated process (Z^(x), D^(x)) t >o, x eR- We assume 
below that A is very small. 

0. Scales. With our scales, there are l/(Alog(l/A)) sites per unit of length; about one fire 
starts per unit of time per unit of length; a vacant site becomes occupied at rate log(l/A). 

1. Initial condition. We have, for all x £ R, (Z$(x), D$(x)) = (0, 0) ~ (0, {x}). 

2. Occupation of vacant zones. Assume that a zone [a, b] (which corresponds to the zone 
[|_a/ (A log(l/A))J , bj (A log(l/A))J] before rescaling) becomes completely vacant at some time 
t (or £log(l/A) before rescaling) because it has been destroyed by a fire. 

(i) For s € [0, 1), and if no fire starts on [a, b] during [t, t + s], we have D^ +S (x) ~ [x ± A 1-5 ] 
and thus Z^ +S (x) ~ s for all x 6 [a, b]. 

Indeed, D^ +S {x) ~ [x — Alog(l/A)A, x-f-Alog(l/A)F], where X and Y are geometric random 
variables with parameter 1 — e -510 ^ 1 /^ = 1 — A s . This comes from the fact that each site 
of [a, b] is vacant at time t, and becomes occupied at rate log(l/A). 

(ii) If no fire starts on [a, b] during [t 1 1 + 1], then Z^ +1 (x) ~ 1 and all the sites in [a, b] are 
occupied (with very high probability) at time t + 1. Indeed, we have (b — a)/(Alog(l/A)) 
sites, and each of them is occupied at time t + 1 with probability 1 — e - lo s( 1 / A ) = 1 — A, 
so that all of them are occupied with probability (1 - A) (b ~ a)/(A ^A)) ~ e - (&-«)/ l°g(l/A) 
which goes to 1 as A — > 0. 

3. Microscopic fires. Assume that a fire starts at some location x (i.e. [a;/(A log(l/A))J 
before rescaling) at some time t (or ilog(l/A) before rescaling), with Z^_(x) = z € (0,1). 
Then the possible clusters on the left and right of x cannot be connected during (approxi- 
mately) [t, t + z], but can be connected after (approximately) t + z. In other words, x acts 
like a barrier during [t, t + z\. 

Indeed, the fire makes vacant a zone A of approximate length A 1-2 around x, which thus 
contains approximately A 1_z /(Alog(l/A)) ~ A~ z sites. The probability that a fire starts 
again in A after t is very small. Thus, using the same computation as in Point 2- (ii) , we 
observe that P[A is completely occupied at time t+s] ~ (1 — A S ) A ~ e _A . When A — > 0, 
this quantity tends to if s < z and to 1 if s > z. 

4- Macroscopic fires. Assume now that a fire starts at some place x (i.e. [a;/(A log(l /A))J 
before rescaling) at some time t (or £log(l/A) before rescaling), and that Z^(x) ~ 1. Thus 
Dt(x) is macroscopic (that is its length is of order 1 in our scales). This will thus make 
vacant the zone D^(x). Such a (macroscopic) zone needs a time of order 1 to be completely 
occupied, as explained in Point 2- (ii) . 

5. Clusters. For t > 0, x 6 R, the cluster D^{x) resembles [x ± A 1_z ] ~ {x} if Z^ix) = z£ 
(0, 1). We then say that x is microscopic. Now macroscopic clusters are delimited either by 
microscopic zones, or by sites where their has been a microscopic fire (see Point 3). 

Comparing the arguments above to the rough description of the LFFP, see Subsection 11.51 
we hope that the A-FFP resembles the LFFP for A > very small. 

1.8. Decay of correlations. A by-product of our result is an estimate on the decay of corre- 
lations in the LFFP, for finite times. We refer to Proposition[TT]bclow for a precise statement. 
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The main idea is that for all T > 0, there are some constants Ct > 0, olt > such that for 
all A G (0,1), all A > 0, the values of the A-FFP inside [-A/(Alog(l/A)), A/(Alog(l/A))] 
are independent of the values outside [— 2^4/(Alog(l/A)),2^4/(Alog(l/A))] during the time 
interval [0, Tlog(l/A)], up to a probability smaller that Cre _QT ' 4 . In other words, for times 
of order log(l/A), the range of correlations is at most of order l/(Alog(l/A)). 

1.9. Cluster-size distribution. We finally give results on the cluster-size distribution, 
which are to be compared with [H[5], see Subsection 11.21 above. 

Corollary 6. For each A > 0, consider a X-FFP process (rjf )t>o- 

(i) For some < c <C, for all t > 5/2, all < a < b < 1, 

c{b - o) < lim P (#(C A og(1/A) (0)) G [\- a , A-"]) < C(b - a). 

(ii) For some < c < C and some < «i < K2, for all t > 3/2, all B > 0, 

ce~^ B < lim P (#(C t A log(1/A) (0)) > S/(Alog(l/A))) < Ce^ B . 

Point (i) says approximately that for t large enough (say at equilibrium), for x << 1/A (say 
for x < (1/A) 1_e ), choosing a = log(x)/ log(l/A) and b — log(x + l)/log(l/A), 

P(#(C A (0)) = x) ~ P(#(C A (0)) g [x,x + 1]) ~ P(#(C A (0)) G [\- a , A-"]) 

" (fe - a) "^gTT7A)' 

Thus it is a very weak form of the result of [6], but it holds for a much wider class of x: here 
we allow x < 1/A 1_e , while x < 1/A 1 / 3 was imposed in [B]. Another advantage of our result 
is that we can prove that the limit exists in (i). 

Point (ii) describes roughly the cluster-size distribution of macroscopic components, that is 
of components of which the size is of order l/(Alog(l/A)). Here again, rough computations 
show that for x > e/(Alog(l/A)), for t large enough (say at equilibrium), 

P(#(C A (0)) =x) ~ Alog(l/A)e- K:rAlos ( 1 / A ). 

Thus there is clearly a phase transition near the critical size l/(Alog(l/A)). See Figure 1 
for an illustration. 

1.10. Organization of the paper. The paper is organized as follows. In Section ^ we 
give the proof of Theorem [31 We show in Section [3] that in some sense, the A-FFP can be 
localized in finite box, uniformly in A > 0. Section U is devoted to the proof of Theorem 
Finally, we check Corollary [6J in Section O 

2. Existence and uniqueness of the limit process 

The goal of this section is to show that the LFFP is well-defined, unique, and that it can be 
obtained from a graphical construction. First of all, we show that when working on a finite 
space interval, the LFPP is somewhat discrete. 

We consider a Poisson measure M(dt, dx) on [0, 00) x R, with intensity measure dtdx. We 
denote by T t M ' A = a(M(B), B G B([0,f] x [—A, A])). 
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Definition 7. A (j r ^ I ' A ) t >o-adapted process (Z A (x), D A (x), H A {x)) t >Q. x ^[^ AtA \ with values 
in R + x J x K + is caZ/ed a A-LFFP if a.s., for all t>0, all x G [-A, A], 

z ti x ) = / 1 {z*{x)<i}ds - / / t {Z A_ {x)=l yeD A_ (x)} M(ds,dy), 

JO^ JO J [—A,A] " ^ 

H A (x) = I Z A _{x)l {Z A_ (x)<1} M(ds x {x}) - / l {H ^{x)>o}ds, 



(4) 



where Df(x) = [Lf{x),R A {x)] ; with 

L A (x) = (-A) V sup{y G [-A,x]; Z t A (y) < 1 or H t A (y) > 0} 
Rf(x) = A A mf{y G [x, A}; Z A (y) < 1 or H A (y) > 0}. 

A typical path of (Z A (x), D A (x), H A (x)) t>0/x< z[_ A ^ A ] is drawn on Figure 2. 

The following proposition is actually almost obvious, but its proof shows the construction 
of the A-LFFP in an algorithm way. 

Proposition 8. Consider a Poisson measure M(dt,dx) on [0, oo) x M, with intensity mea- 
sure dtdx. For any A > 0, there a.s. exists an unique A-LFFP, and it can be perfeclty 
simulated. 

Proof. We omit the superscript A in this proof. We consider the marks (Tj, _X"j)^>x of 
-^1[o,oo)x[-A,A]i w ith < Tj < T 2 < .... We set T — for convenience. We describe the 
construction through an algorithm, which also shows uniqueness in the sense that there is 
no choice for the construction. 

Step 0. First, we set Z (x) = H (x) = and D (x) = {x} for all x G [—A, A}. 

Step n+l. Assume that the process has been built until T n for some n > 0, that is we know 
the values of (Z t (x), D t (x), H t (x)) te[0tTn ] tXe[ _ AtA] . 

We build (Z t (x), D t (x), H t (x)) te ( Tn ,T n+1 ),xe[-A,A] m the following way: for t G (T n ,T n+ i), 
x G [-A,A],wesetZ t (x) = min(l, Z Tn (x)+t-T n ), we set H t (x) = max(0, H Tn (x)- (t-T n )) 
and we define D t {x) = [L t (x), Rt(x)] as in (j4|). 

Next we build (Z Tn+1 (x), D Tn+1 (x), H Tn+1 (x)) xe[ _ A ^ A] . 

(i) If ZT n+1 -{X n+ i) = 1, set H<r n+1 {x") — Hr n+1 -(x) for all x G [—A, A] and consider 
[a,b] :— DT n+1 -(X n +i). Set Zt„ +1 (x) = for all x G (a, b) and Zx n+1 {x) = ZT n+1 -{x) 
for all x G [-A,A] \ [a, b]. Set finally Z Tn+1 (a) = if Z Tn+1 -(a) = 1 and Z Tn+1 (a) = 
Z Tn+1 -(a) if Z Tn+1 -(a) < 1, and Zr n+1 (6) = if Z Tn+1 -(b) = 1 and Z Tn+1 (b) = Z Tn+1 -(b) 
if Zr n+1 -(b) < 1. 

(ii) If Z T „ +1 -(A Il+ i) < 1, we set flx n+1 (X n+ i) = Zt„ +1 -(X„+i), we set Z Tn+1 (X n+ i) = 
Z Tn+1 -{X n+l ) and (Z Tn+1 (x),H Tn+1 (x)) = (Z Tn+1 -(x), H Tn+1 -(x)) for all x G [->4,A] \ 
{X n+ i}. 

(hi) Using the values of (Zt„ +1 (x), HT n+1 (x)) xe [^ AyA ], we finally compute the values of 

{D Tn+1 {x))xe[-A,A]- D 

In case (i) above, we detailed precisely what to do at the boundary of burning macroscopic 
components. This is not so important: we could have made other choices for this. 

We now prove a refined version of Theorem [3J 

Proposition 9. Consider a Poisson measure M(dt,dx) on [0, oo) x M, with intensity mea- 
sure dtdx. For A > 0, consider the A-LFFP (Z A (x), D A (x), H A (x)) t >Q xe [_ A A ] built in 
Proposition^ (using M). 
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There a.s. exists an unique LFFP (Z t (x), D t (x), Ht(x))t>o lX eR (corresponding to M), and 
it furthermore satisfies: for all T > 0, there are some constants olt > and Ct > such 
that for all A > 2, 



(5) P (Z t (x),D t (x),H t (x)) t& [ 0jT \,xel-A/2,A/2] 



= ( Z t (%), D t ( X ), H t ( x ))te[0,T],xe[-A/2,A/2] 



> 1 - C T e 



-OtT A 



Proof. We divide the proof into several steps. We fix T > 0, and work on [0,T]. 

Step 1. For a G Z, we define the event Q a in the following way (see Figure 3 for an 
illustration): the Poisson measure M has exactly 3n marks in [0, T] x [a, a + 1], for some 
n > 1, and it is possible to call them (Tk, Xk)k=i,...n, (Tk, Xk)k=i,...n an d (Sk,Yk)k=i,...n in 
such a way that we have the following properties for all k — 1, n (we set Tq = Tq = Sq = 
and Xo = a, Xq = a + 1 for convenience). 

(i) T k and f fe belong to (S k -i + 1/2, S k ^i + 1) and X k _i < X k < X k < X k -V, 

(ii) S k G + 1, S fe _i + 2(T fc A Tfc — S fc _i)) and F fc G (A fe , X fe ); 
(hi) S n >T-l. 

Step 2. Then we observe that if the LFFP exists, then necessarily, 

fl a c {it e [0,T], 3xe (a,a + l), H t (x) > or Z t {x) < 1}. 

Indeed, Z t (x) = t < 1 for all t e [0, 1), all x e R. Then H Tl {X x ) = Z Tl {Xi) = T lt whence 
H t (Xi) > on [Ti,2Ti], and F t (Xi) > on [Ti,2Ti]. As a consequence, we know that for 
all x G (Xi,Xi), all t G [1,51), A(^) = [Xx,Xi]. Since now 1 < Si < 2(T X A fx), and 
since Fi G (Xi,Xi), we deduce that Zg 1 (x) — for all ir G (Xi,Xi), and as a consequence, 
Z 4 (x) = t — Si < 1 for all £ G [Si, Si + 1). But now # t (X 2 ) > on [T 2 , T 2 + (T 2 - Si)), and 
Ht{X?) > on [T 2 , T 2 + (T 2 — Si)). As a consequence, we know that for all x G (X 2 , X 2 ), all 
t G [Si + 1, S 2 ), £> t (a0 = [^2, A 2 ]. Since now Si + 1 < S 2 < Si + 2(T X A Ti - Si), and since 
Y" 2 G (X 2 , X 2 ), we deduce that Z S2 (x) = for all x G (X 2 , X 2 ), and thus = t — S 2 < 1 

for all t G [S 2 , S 2 + 1). And so on... 

Step 3. We deduce that for all a G Z, conditionally on f2 a , clusters on the left of a are never 
connected (during [0, T}) to clusters on the right of a + 1. Thus on fires starting on 
the left of a do not affect the zone [a + 1, oo), and fires starting on the right of a + 1 do 
not affect the zone (-co, a]. Since furthermore f2 a concerns the Poisson measure M only 
in [0, T] x [a, a + 1], we deduce that on fl a , the processes (Zt(x), Df(x), i?*(a;))t>o,xe[a+i,oo) 
and (Zt(x), Df (x), flt(^))t>o,xe(-c»,o] can be constructed separately. 

Siep ^. Clearly, g<r = P[fi ] does not depend on a, by invariance by translation (of the law 
of M), and obviously qx > 0. Thus a.s., there are infinitely many a G Z such that f2 a is 
realized. This allows a graphical construction: it suffices to work between such a's (i.e. in 
finite boxes) as in Proposition [8] 

Step 5. Using the same arguments, we easily deduce that for A > 2, the LFFP and the 
A-LFFP coincide on [-A/2, A/2] during [0, T] as soon as there are ai G [—A, -A/2 - 1] and 
a 2 G [A/2, A — 1] with f2 ai n f2 02 realized. Furthermore, since M is a Poisson measure, Q a 
is independent of for all a ^ b (with a, 6 G Z). Thus the probability on the LHS of ([5|) is 
bounded below, for A > 2, by 

1 - P[n oe zn[-A,-A/a-i]fiS] - P[rWzn[A/2,A-i]tta] > 1 - 2(1 - <Zt) A/2 ~ 2 , 
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whence ([5]) with cut 



log(l - q T )/2 > and C T = 2/(1 - q T ) 
3. Localization of the FFP. 



□ 



We first introduce the (A, A)-FPP. We consider two independent families of i.i.d. Poisson 
processes N = (N t (i))t>o,i£L and M x = (M t A (j))t> ,iez, with respective rates 1 and A > 0. 
For A > and A > 0, we define 



(6) 

and we set Tt 



■N,M A 



A\ := LA/(Alog(l/A)J and l\ 
= <j(N s (i),M*(i),s<t,i£l\). 



-A x ,A x i 



Definition 10. Consider a (T x 



N,M ,A\ 



such that {f]^' A (i))t>o * s a - s - cadlag for all i £ 7^. 



)t>a -adapted process (rj t ' ) t >o with values in {0, 1} Ia , 



We say that (r)t ' A )t>o is a (A, A)-FFP if a.s., for all t > 0, all i G l\. 



A, A, • \ 



1 {^l A (i)=0} 



dN 8 (i) 



E 



{kec* L A (i)} dM s(k), 



where C^ A (i) = if%' A (i) = 0, while C^ A {i) = {l^ A {i),r^ A [i)\ if^ A {i) = 1, where 

iy(i) = (-a x ) v (su P {fc < i:, f } '(*0 = 0} + 1) , 

r^ A (i) — A\ A (inf{fc > i; r^ A (k) = 0} - l) . 



For x £ [—A, A] and t > 0, we introduce 



(7) 



(8) 



D A ' A (z) = Alog(l/A)C A ^(L*/(Alog(l/A))j) c 



log l + #(C7 t A ' A (Lx/(Alog(l/A))j) 



> 0. 



log(l/A) 

We now prove the following result, which is similar to Proposition [5] for the A-FFP. 

Proposition 11. Let T > and A G (0,1). Consider two families of Poisson processes 
N = (N t (i))t>o.i£Z and M = (Af t A (z)) t >o,ieZ; with respective rates 1 and A > 0. Let 
(r]t)t>o be the corresponding X-FFP, and for each A > 0, let (r^ ,A ) t >Q be the corresponding 
(A, A)-FFP. Recall fZp-f^) and (Tp-flp. There are some constant olt > and Ct > 0, not 
depending on A G (0, 1), A > 2, such that, recall 



( r ?t A (*))te[o,Tio g (i/A)],ie/^ - ( r /t A '' 4 ( i ))te[o,Tiog(i/A)] 



iei 



A/2 



> 1 - C T e 



(Z*(x), £#(a;)) te [o,T],xe[-A/2,A/2] - {Z t ' A ( x ) > ( a; ))te [0,T] ,i£ [- A/2, A/2] 



•>A,A, 



> 1 - C T e~ QTA 

Proof. The proof is similar (but more complicated) to that of Proposition [9] Consider 
the true A-FFP (rj X (i)) t >o,i£z- Assume for a moment that for a £ K, there is an event 
f2 A , depending only on the Poisson processes N t (i) and M^{i) for t £ [0, Tlog(l/A)] and 
i £ J A := [Lo/(Alog(l/A))J, L(a + l)/(Alog(l/A))j], such that 

(i) on f2 A , a.s., for all i G [0, Tlog(l/A)], there is some i £ J „ such that r/ t A (i) = 0; 

(ii) there is g T > such that for all a £ R, all A G (0, 1), P(ft A ) > q T - 

Then we conclude using similar arguments to Steps 3, 4, 5 of the proof of Proposition [5] 
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Fix some a > and some Et > small enough, say a = 0.01 and St — 1/(32T). Let At > 
be such that for A G (0,A T ), we have 1 < A"" 1 < e T /(Alog(l/A)). 

For A G [A T ,1) and a G R, we set f2 A = {A r Tlog(1 / A) (La/(Alog(l/A))J) = 0}, on which of 
course r/£(i) = for all t G [0, Tlog(l/A)] with i = |_a/(Alog(l/A))J G J^. Then we observe 
that q' T = inf Ae[w) P ( n a) = infAe[A T ,i) e"^ 1 /*) = ( At) t > Q 

For A G (0, At) and a G R, we define the event £1 A on which points 1, 2, 3 below are 
satisfied. 

1. The family of Poisson processes (A^ t A («))te[o.Tio g (i/A)],ieJ^ nas exactly 3n marks, for 
some 1 < n < [T\, and it is possible to call them (T fe A , X£) k =i,...„, {f£,X£) k =i,...„ and 
(S^, y fe A )fc = i,... n in such a way that we have the following properties for all k = 1, n (wc 
set Tq = Tq =S£ = and X* = |_a/(Alog(l/A))J, X* = [(a + 1)/(A log(l/A))j ). 

(la) < X* < Y£ < X* < Xt„ with min{X A - X^Y* X^X* Y k \X^ 

X£}>4e T /(\\og(l/\)); 

(lb) T fe A and fA belong to [S^ + (\ + a) log(l/A), S A _ X + (1 - a) log(l/A)]; 
(lc) G + (1 + a) log(l/A), + 2 ( T fe A T A - S^) - aIog(l/A)]; 
(ld)S A >(T-l + a)log(l/A). 

2. We now set, for k = l,...,n, t a = (S£ - S'^_ 1 )/(21og(l/A)), which belongs to [(1 + 
a)/2, 1 — a] due to 1 We consider the intervals 

/ A = lx A -LA-^j,x A + LA-^ A j], 

Il_ = {X>1 [\-^\ LeT/Alog(l/A)j,X A - LA— -J - 1], 
4,+ = Ptf + + 1,X* + LA— -J + Le T /Alog(l/A)j], 

L\ = \Xl + LA—-J + LeT/Alog(l/A)j + 1,X A - |A- T *J - LeT/Alog(l/A)j - 1], 

and we consider similar intervals + , around X%. For all k = 1, . . . ,n the family 

of Poisson processes (N t (i)) t>0AeJ >. satisfies : 

(2a) Vi G /£, 7V T x(i) - N s x (i) > and Vi G l£, N fx (i) - N s x (i) > 0; 

(2b) 3i G I A _, N^-Ns^ii) = 0, 3z G / A + , JV T x(i)-JV s /(i) = 0, 3i G 7 A _, JV f *(i)- 

(i) - and 3i G / A + , N f , (i) - JV^ (i) - 0; 
(2c) 3i G 7 A , A/ s a 00 - iV T A (i) = and 3i G /£, N s a (i) - JV t a (i) = 0; 
(2d) V* G Ll Ms, (*)- JV5x_ t (i) > 0. 

3. We finally assume that 3z G 7 A , Nx\og(i/X) (i) — N s \(i) = 0. 

To show that on f2 A , a.s., for all i G [0, Tlog(l/A)], there is some i G J A such that ?7 A (i) = 0, 
we proceed recursively. At time all sites are vacant. Fix k G {1, ...,n}. Assume that, for 
t < S£_ l7 there is some i G J A such that ?? A (i) = and that, at time S^_ 1 , all sites in the 
interval L\_ x are vacant. 

Then, for S k _ x < t < T£ (rcsp. < i < f£), (2b) shows that there are vacant sites 

both in iA + and in ifc _ (resp. both in in l£ + and in !£_)■ This together with (2a) shows 
that, at time T£— (resp. T£—), all the sites in the intervals l£ and l£ are occupied (no fire 
may burn those sites, because they are protected by the vacant sites in 7^ + , l£ _ , l£ + , 7^ _ ) . 
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Hence the interval l£ (resp. lb) becomes completely vacant at time T£ (resp. T^). Between 
time T£ (resp. T^) and time S£, since l£ (resp. j£) is completely vacant at time T£ (resp. 
T k ), (2c) shows that there is a vacant site in l£ (resp. l£). 

At time S k — , the interval L\ is completely occupied thanks to (2d) and since it cannot be 
burnt, because it is protected by vacant sites in I k , (resp. I k _) between Sj^_ 1 and T£ (resp. 
T k ) and in l£ resp I k between T£ (resp. T^) and S^. As a consequence, since Y,, A G L k , 
the interval becomes completely vacant at time S k —. 

All this shows that on fi A , there are vacant sites in J A for all t G [0, and L A is com- 
pletely vacant at time S*- Finally, 3 implies that there are vacant sites in L A C J A during 
[S A ,Tlog(l/A)]. 

It remains to prove that there is <? T > such that for all a G R, all A G (0, At), P(^q) > <?t- 
We treat separately the conditions 1 on M x and 2 on JV (conditionally on M A ) and use 
independence of these two families of Poisson processes to conclude. 

Firstly, for A G (0, At), we observe that we can construct M A using a Poisson measure M 
on [0, oo) x R with intensity dtdx, by setting, for all i G Z : 

M A (z) = M([0,t/log(l/A)] x [iAlog(l/A), (i + l)Alog(l/A)) 

Hence (since £T/(Alog(l/A)) > 1) the event on which M A satisfies 1 contains the event £l' a 
on which M has exactly 3n marks in [0, T] x [a, a + 1], for some 1 < n < \T\ which can be 
called {Tk,Xk)k=i,... n , (Tk,Xk)k=i,...n and (S k ,Y k ) k=1 ^,. n in such a way that we have the 
following properties (we set T = T = Sq = and X = a, X = a + 1 for convenience) for 
all k = 1, n: 

• min({Afc - X k -i,Y k - X k , X k - Y k ,X k _x - X k }) > 5e T . 

• T k and f k belong to (Sk-i +1/2 + a, S k ^ 1 + 1 - a) 

• S k G (5 fc _i + 1 + a, 5 fe _! + 2(T fc A f k - S fc _ x ) - a). 

• S*„ > (T — 1) + a. 

Then we have P(f2„) > (as in the proof of Proposition [9] and since Et and a are suffi- 
ciently small) , and this probability does not depend on a (by invariance of the law of M by 
translation) nor on A £ (0, At) (since it concerns only M). 

Then, we use basic computations on i.i.d. Poisson processes with rate 1 to show that there is 
a (deterministic) constant c > such that for all k = 1, . . . , n, all A G (0, At), conditionally 
on M A , (we write Pm for the conditional probability w.r.t. M x ), 

• since T£ - > (r fc A + a/2) log(l/A) due to (lc) and since #(/£) = 2[A- r * J + 1, 

P M (Vi G %,N T x(i) - N sLi (i) > 0) = (l - e-^- s ^) 2lX M+1 

/ x / \ 21 A~ T fc 1 + 1 

> ( 1 _ A r A +a/2^ > c 



(it tends to 1 as A — > 0) and the same computation works for l£; 

. since T A - 5 A _ X < (1 - a) log(l/A) by (lb), and since #(/ A + ) = [er/(A log(l/A))J , 

x ,s , s ( /^tiA &\ \\ L^t/A log(l/A)J 

P M (3i G JV T *(i) - ^(i) = 0) = 1 - (l - e-^ " s *-i)J 

> 1 _( 1 _ A l-a)L-/(Alog(l/A))j^ c 
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and the same computation works for l£ _ , l£ , , l£ _ ; 

• since S% - < (r A - a/2) log(l/A) due to (lc)' (use that S* A < 2T A - S^_ x - alog(l/A), 
whence 2S* A < 2T A + - - alog(l/A) = 2T A + 2(r A - a/2) log(l/A)), and since 

#(/£) = 2LA-^j+l, 

F M (3i G %,N s$ (i) - 2V r »(i) = 0) = 1- (l- e -(**-^)) 2 A 

/ a ,„\2LA-^ A J+1 

> 1- f 1 - -«/ 2 ) > c 



and this also holds for j£; 

• since S£ - S£_ 1 > (1 + a) log(l/A) thanks to (lc), and since < L(l/Alog(l/A))J, 



F M (Vi G L£,JV s a(i) - ^(i) > 0) = (l - e -( s i- s J 

(1 - A l+ajLl/Alog(l/A)j > ^ 



> 

. since riog(l/A) - S A < (1 - a)log(l/A) by (Id) and #(L A ) > 4e T /(A log(l/A)) by (la), 
¥ M (3i G L^,iV Tlog(lA) (i) - JV S a(») = 0) = 1 - (l-e-C^CiA)-^))*^ 
^l-^-A^^^^^c. 
We observe that the domains 7 A x (S^.T*], I A x (S£_ lt f£], l£ + x (S^T*], I A _ x 

(^fe-i'^fc]) ^fe,+ x (^fc-i'^fe]) h - x (^fc-i>^fc]) ^fe x ( T k ' ^fc]) ^fe x ' ■SjJ' ^fe x O^k-n ^fel) 
for fe = 1, ...,n, and L A x (S 1 ^, Tlog(l/A)] are pairwise disjoint thanks to 1 and to the 

smallness of er and At: we have [\~ t k \ < A Q_1 < er/(Alog(l/A)). 

Since n < T, we deduce from all the previous estimates the existence of q!f > such that 
for all a G K, all A G (0, At), P(ft„) > 9t- We conclude choosing g T = mm(g T , g T ). □ 

4. Convergence proof 
The goal of this section is to check Theorem [5] 

4.1. Coupling. We introduce a coupling between the A-FFP, the LFFP, and their localized 
versions. 

Notation 12. We consider a Poisson measure M(dt, dx) on [0, oo) x M with intensity 
measure dtdx. We consider an independent family of Poisson processes {N t (i))t>o,iez with 
rate 1. For A G (0, 1) and j £ Z, we set 

Af A (z) = M([0,t/log(l/A)] x [ l Alog(l/A),(* + l)Alog(l/A))). 

Then (M A (z)) t >o l ii=z is a family of independent Poisson processes with rate A. We con- 
sider, for all A G (0,1), the X-FFP (?7 A )t>o (see Definition QP, and /or aZZ A > 0, tZie 
(A, A)-FFP (ri t ' )t>o (see Definition ] JUj) built with N,M X . We also introduce the processes 
{ z t( x )> D t( x ))t>0,xe® as in {U)-0) and (Z^ A (x),D^ A (x)) t > ^ xe[ _ A ^ A] as in 
We denote by (Z t (x), D t {x), H t (x))t>o, X £R the LFFP built with M (see Definition^), and 
by (Zf(x), Df(x), Hf(x)) t >o, x e[-A,A] the A-LFFP built with M (see Definition^. 
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4.2. Localization. Assume for a moment that the following result holds. 

Proposition 13. Adopt Notation\7%\ as well as Notation^ 

(a) For any T > 0, any A > 0, any x G {—A, A), in probability, as A — > 0, 

S T ({Z x - a {x ),D x - a {x )), (Z A (x ),D A (x ))) tends to 0. 

(b) For any t £ [0, oo), any A > 0, any xq G (—A, A), in probability, as A — > 0, 

\Z x > A {x Q ) - Zf{xo)\+S^D X ' A (x )),Df(x )) tends to 0. 
Then we are in a position to give the 

Proof of Theorem [31 We only prove point (a) , (b) being similarly checked. Let T > 
and {x%, ...,x n } C [—B,B] C R be fixed. Consider the coupling introduced in Notation [T2l 
Proposition 1131 ensures us that for any e > 0, any A > B, 



lim I 

A^0 



J2 5t ((Z x ' A ( Xi ), D x - A ( Xl )), (Z A ( Xi ), D A ( Xi ))) > e 



= 0. 



Let now 



n x A 



T ■= {V*= l.-.n, Vte [0,71, (Z x ( Xi ),D x ( Xi )) = (^(x,),^^)) 

(Z t {xi),D t (xi)) = {Zf(xi),Df{xi))}. 



and 



)t£[0,T],x£[-A/2,A/2] 



Now for all A > 2B, 

tt A ,T C {{Z x {x),D x (x)) tmnx e[~A,2,A/2] = (Z X ' A (x),D X ' A (x)) t 

and (Z t (x),D t (x)) te[ n.T ] xe[ _ A/2 A/2] = (Z A (x), D A (x)) te[Q , T] , xe[ _ A/2 ,A/2] }• 
But Propositions 1 and E] yield that P[(fi^ T ) c ] < 2C T e~ aTA . Thus for any A > 2B, 

n 

S T {(Z x (xi),D x (xi)), (D{ Xi ), Z{ Xi ))) > e 



lim sup I 

A^O 



< + 2C T e~ aTA . 



Making A tend to infinity, we deduce that x ~T((Z x (xi), D x (xi)), (D(xi), Z(xij)) tends 

to in probability as A — > 0, whence the result. □ 

4.3. Heart or the proof. The aim of this subsection is to prove Proposition [TBI We fix 
T > and A > 0. We consider the (A, A)-FFP and the A-LFFP coupled as in Notation [T2l 
and we use the notation introduced in ([6]) . Along this proof we will omit the superscript A, 
and we do not take into account the possible dependences in A and T. 

For J = (a, b) an open interval of (—A, A) and A e (0, 1), we consider 



(9) 



Jx 

Z X {J ] 



1 



Alog(l/A) Alog 2 (l/A) 



c z, 



Alog(l/A) Alog 2 (l/A). 

y\, n _ 1 _ log(l + #{fc£ Ja, ^ log(1/A) (fc) = 0}) 
- {J) - 1 log(l + #(J A )) 

Observe that Z X (J) = 1 if and only if all the sites of J\ are occupied at time ilog(l/A). 
The quantity Z X (J) is a function of the density of vacant clusters in the (rescaled) zone J. 
Under some exhangeability properties, it should be closely related to the size of occupied 
clusters in that zone, i.e. to Z x (x), for x G J. 
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For x G (—A, A), and A G (0, 1), we introduce 
(10) x x " ' 



Alog(l/A) Alog 2 (l/A) 



1, 



Alog(l/A) Alog 2 (l/A) 



C Z, 



_ log(l + #{fc S x A , r, t A log(1/A) (fc) = 0}) 



log(l + #(x A )) 



Here again, H^(x) = if and only if all the sites of £a are occupied at time ilog(l/A). 
Assume that a microscopic fires starts at some x. Then the process H^{x) will allow us to 
quantify the duration for which this fire will be in effect. 

Observe that we always have log(l + #(xa)) ~ log(l + #(JA)) ~ log(l/A) as A — ► 0. Observe 
also that if Z^(J) — z, then there are (1 + #(Ja)) 1_z — 1 — A z ~ x vacant sites in J\ at time 
tlog(l/A). By the same way, H^(x) = h says that there are (l + #{x\)) h — l ~ A - ' 1 vacant 
sites in x\ at time f log(l/A). 

We work conditionally to M. We denote Pm the conditional probability given M. We recall 
that conditionally to M, (Z t (x), D t (x), H t (x)) tG [ 0y T],xe[-A,A] is deterministic. We denote 
by n = M([0,T] x [—A; A]), which is a.s. finite. We set To = and consider the marks 
(X q , T q )i< q < n of M, ordered in such a way that T < T\ < ... <T n <T. 

We set Bq = 0, and for q = 1, . . . ,n, we consider B q = {Xx, . ■ ■ , X q }, as well as the set C q of 
connected components of (—A, A) \ B q . 

Observe that by construction, we have, for c G C q and x, y G c, Z t (x) = Z t (y) for all 
t G [0,T g+ i), thus we can introduce Z t (c). 

We consider Ao > (which depends on M) such that for all A G (0, Ao), (Xi)\ ^ and 
(Xi)x n (Xj)x = for all i ^ j with i,j G {1, n}. 

Then we observe that for A G (0, Ao), for each q = 0, {xa,x G £> q } U {ca,c G C g } is a 
partition of [-1 a ,1a], where A x = [A/{\ log(l/A)) - 1/(A log 2 (l/A))J . 

With our coupling, for the (A, A)-FFP (rj^)t>o, for each i = 1, . . . , n, a fire start at the site 
|Xi/(Alog(l/A))J at time Tjlog(l/A), and this describes all the fires during [0, Tlog(l/A)]. 

The lemma below shows some exchangeability properties inside cells. This will allow us to 
prove that for c a cell and x G c, the size of occupied cluster around x (described by Z x (x)) 
is closely related to the global density of occupied clusters in c (described by Z x (c)). 

Lemma 14. For A G (0, 1) and set £q = fi ; and for q = 1, n, consider the event (recall 
Definition \10\ and (0) ) 

Sg = |Vz= l,...,q, Vc G d, either c x G i og (i/A)-PQ) 

or 7 ?T I io g (i/A)-( fc ) = f° r some maxcA < k < min Cy. log(1 / A )_ (X l ) 
or 7 lT l io S (i/\)-( k ) = f° r some max^iogti/A)-^) < fc < mincAj. 

Conditionally to M and £ q , for all c G C q , the random variables (rj^ i os n/x)(k))kecx 
exchangeable. 

Proof. Let c G C q , let a be a permutation of ca, and set for simplicity o~(i) = i for i G I^\ca- 
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Consider the (A, A)-FFP process (r? A )t>o built with M and the family of Poisson processes 
(N(i)) ieI \. Consider also the (A, A)-FFP process (f? A )t>o built with M and the family of 
Poisson processes (N(i)) ieI \ defined by N(i) = N(a(i)). 

Observe that £ k+i c ^k- For au ^ = 0, - .- , <?, c C c k for some c k G C k . We will show the 
following claims, by induction on fe = 0, 

(i) If is the same event as £fc corresponding to (rjt)t>o, then — ££. 

(ii) On f£, for all i G [0, T fe log(l/A)], ?7 t A (i) = r] X {a{i)) for a11 * G 7 a ( in particular, fj x (i) = 
rit(i) for all i £ c A ). 

Of course, (i) and (ii) with k = q imply the Lemma. Indeed, let tp : {0, 1}#( CA ) R. Wc 
haveE M [l f ^((T?^ log(1/A) (i))iec A ))] = Em[1£a^((?7t, i og (i/A) WWJ)]- Then using (i) and 
(ii), we deduce that 

E M [lfAV((??T,iog(i/A)W)iec A ))] =EM[l£A^((r ? ^ log(1/A) (a(i))) iec J)], 

which proves the Lemma. 

First, (i) and (ii) with fc = arc obviously satisfied. Assume now that for some k G 
{0, ...,q-l}, we have (i) and (ii). Then on £ A , for all t G [0, T k+1 log(l/A)), fj£(i) = % A (cr(i)) 
for all i G J^. Indeed, they are equal on [0, T k log(l/A)] by assumption and they use the 
same Poisson process N{i) = N(a(i)) on the time interval [Tk log(l/A), T k+ \ log(l/A))). 
We now check that £^ +1 = £ k+l - We know that £^ = ££ , and the additional condition (at 
time Tfe + i log(l/A)— ) concerns: 

• sites outside c A , for which the values of rj X and f] X at time Tk+i log(l/A)— are the same; 

• the event c A C C^, iog(i/A)-' wn ich is the same for rj X and ry A , (it can be realized only if 
there are no vacant sites in c A , which occurs or not simultaneously for 77 A and r) A ). 

We now conclude that (ii) remains true at time Tk+i log(l/A), since the zone subject to fire 

• either is disjoint of c A , so that the values of f] X ,fj x are left invariant in c A , while they are 
modified in the same way outside c A ; 

• either contains the whole zone c A , which is thus destroyed simultaneously for 77 A and ?7 A , 
and the values of 77 A , i) x arc modified in the same way outside c A . □ 

The next Lemma shows in some sense that if a cell is almost completely occupied at time t, 
then it will be really completely occupied at time t+; and if the effect of a microscopic fire 
is almost ended at time t, then it will be really ended at time t+. 

Lemma 15. Consider k G {0, n}, c G Ck, x G B k , and t G [T k , T k+ \). 

(i) Assume that for all e > 0, lim A ^ Pm(Z x (c) < 1 - e) = 0. Then for all s G (t,T k+1 ), 
lim A ^ FM(^ A (c) = l) = l. 

(ii) Assume that for all e > 0, lim A _ >0 ^m(H x (x) > e) = 0. Then for all s G (t, T k+i ), 
lim A ^ o F M (^ A (x)=0) = l. 

Proof. The proofs of (i) and (ii) are similar. Let us for example prove (i). Let thus T k < 
t<t + e = s< Tfc+i. Wc start with 

W M (Z t+ e(c) = 1) > F M (Z t+£ (c) = 1 I Z t (c) > 1 - e/2)¥ M (Z t (c) > 1 - e/2), 
so that it suffices to check that \im\^ ~F M {Z t+e (c) — 1 | Z t (c) > 1 — e/2) = 1. Call 
?j A the number of vacant sites in c A (for Vnogii/x))- Then Z t + E (c) = 1 is equivalent to 
?j A +e = 0, and one easily checks that Z t (c) > 1 — e/2 implies that w A < (1 + #(c A )) e / 2 < 
(l + 2A/(Alog(l/A))r/ 2 . 
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Since M((t,s] x [— A, A]) = by assumption, we deduce that M^jM^t) = -^ A i og (i/A) (i) 
for all i e l\: no fire starts during (t log(l/A), slog(l/A)]. Hence each occupied site at 
time £log(l/A) remains occupied at time slog(l/A), and each vacant site at time ilog(l/A) 
becomes occupied at time slog(l/A) with probability 1 — e^^^ lo s( 1 / A ) = f — A £ . Thus 

F M (Z t+E (c) = 1 | Z t (c) > 1 e/2) > (1 - A^d^A/CAiogd/A)))^/^ 

which tends to 1 as A — > 0. □ 



We end preliminaries with a last lemma, which concerns estimates about the time needed 
to occupate vacant zones. 

Lemma 16. Let (Co(i))iei\ e {0,l} /; % and consider a family of i.i.d. Poisson processes 
(P A W)t>o,ie/*; with rate lo g(VA), independent of Co - Set C A (i) = min($(i) + P A (i), 1). 
1. Let J = (a, b) C (-A, A) and h G [0, 1]. Set v£ = #{« G J\, C A («) = 0}. Assume that 

log(l + u£) 



Ve>0, : 
(a) Then for all T > 0, all e > 0, 

lim P sup 



log(l + #( J A )) 



-h 



> e = 0. 



A^O 



J0,T] 



log(l + #(J A )) (/l tj+ 



> e = 0. 



f6j // ffte family (Co (*))«ec A * s exchangeable, then for all x E J, all T > 0, all e > 0, 



lim P I sup 

J0,T] 



A^O 



log(l + #(G A (x))) 



log(l/A) 



> £ = 0, 



where G^(x) is the connected component of occupied sites around |_#/Alog(l/A)J in C} 

2. Let x G {-A, A), and h G [0, 1]. Set v£ = #{i G £A,C A (i) = 0}. 
(a) Assume that 

log(l + v$) 



Ve > 0, 
Then for all T > 0, all e > 0, 

lim P sup 

\[0,T] 

(b) Assume now only that 

Ve > 0, 
Then for all T > 0, all e > 0, 



log(l + #(.T A )) 
log(l + v?) 



h 



> e = 



log(l + #(xa)) 

/ log(l+«o A ) 
Vlog(l + #( a ;A)) 

log(l + « t A ) 



> £ 



0. 



> /l + £ 



0. 



lim P sup , 

A^O U,T] l0g(l + #(ZA)) 



>(h-t)+ + s 



0. 
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Proof. The proof of 2-(a) is the same as that of l-(a), because log(l + #(J A )) ~ log(l + 
#(xx)) ~ log(l/A) as A — > 0. The proof of 2-(b) is essentially the same. We thus prove only 
1, and we replace everywhere log(l + #(x\)) by log(l/A) without difficulty. By assumption, 
we have, for all e > 0, lim A ^ P(>o G ~ h^~ s ~ h )) = 1- We call h t = (h - t)+, 

V x = log(l+« A )/log(l/A), and finally L A = log(l + #(G A (x)))/ log(l/A). 

Step L Let f > fixed. We first show that for all e > 0, lim A ^ P(|V; A - h t \ > e) = 
0. Conditionally on Vq, the random variable v x follows a Binomial distribution i?(«Q,A*), 
because each vacant site at time remains vacant with probability e~* log ( 1//A ) = A*. 

Case h t > 0. Let e G (0, h t ). We have to prove that P (v x G (A £ ~' lt , A~ £ -' lt )) = 1. We know 
that lim^oP^o e (A £ / 2 ~'\ A~ £ / 2 ~' 1 )) = 1. The Bicnayme-Chebyshev inequality implies 

P[\v? - w$A'| < («o A*) 2 / 3 | « A G (A £ / 2 -\A- £ / 2 - fe )] 

> 1 - E[t$A*(l - A*)(^A*)" 4 / 3 | w A G (A £ / 2 -' 1 , A- £/2 -' 1 )] 

> 1 - E[(u„ A*)~ 1/3 | « A G (A £ / 2 -'\ A- £ / 2 - h )] > 1 - (A-/ 2 -^ 4 )- 173 , 
which tends to 1 since h t — h — t > e. 

But the events \v x - i^A* < (i^A*) 2 / 3 and u A G (A £ / 2 "' 1 , A~ e / 2 -' 1 )] imply that v x G 

( A e/2-fc t _ ( A -e/2-fc t )2/3 )A -e/2-fc ( + ( A -e/2-fc t )2/3) c A - E -/h) for A sma U enough, 

whence the result. 

Case ft t = 0. We have to show that for all e > 0, lim A ^ P(v A > A~ £ ) = 0, and it suffices to 
check that lim A ^o P(w A > A~ e | v$ < \- £ / 2 - h ) = 0. But 

P(w t A > \- £ | v£ < \-^ 2 -' 1 ) < X E E[v x | v x < \~ £ / 2 ~ h ] = A £ E[v A A* | v x < \- £ / 2 - h ] 

< \ £ + t \- £ / 2 - h = A e/2+t-/i 

which tends to 0, since t — ft > by assumption. 

Step We now prove that for all e > 0, lim A ^ IP(|r A - (1 - h t )\ > e) = 0. It suffices 
to check that lim A ^ P(#(G A (x)) £ (A e+ ' lt_1 - 1, A _e+ ' lt_1 )) = 1. But we know from Step 
1 that there are around (l/\) ht vacant sites in J A , and #(J\) — (l/Alog(l/A)). We also 
know that the family (C A (*))ieJ A 1S exchangeable, so that the vacant sites are uniformly 
distributed in J\ (this is sligthly false: there cannot be two vacant sites at the same place). 
We conclude that #(G A (x)) ~ (l/Alog(l/A))/(l/A)' lt ~ A' 1 * -1 . This can be done rigorously 
without difficulty. 

Step 3. We now prove l-(a), which relies on Step 1 and an ad hoc version of Dini Theorem. 
Let e > 0. Consider a subdivision = to < t\ < ... < ti = T, with t i+ i — ti < e/2. Using 
Step 1, wc have lim A ^ P[max i=0 ,...z \V t x ~~ C 1 - > e / 2 ] = °- 

Observe now that t \— ► V x and t i— > (ft — t) + are a.s. nonincreasing, and that t i— ► (h — t) + 
is Lipschitz continuous with Lipschitz constant 1. 

We deduce that sup [0 T] \V t x - (h - t)+\ < e/2 + max i=0 ,...,i{|V" t A - (ft - U) + \}. Thus 
P(sup [0 T] \V t x - (h - t)+| > e) < P[max i=0 ,...; \ V t x - (ft - ^)+| > e/2], which concludes 
the proof of l-(a). 

Step 4- Point l-(b) is deduced from Step 2 exactly as Point l-(a) is deduced from Step 1, 
using that 1 1-^ T x and f h> 1 - ft f are a.s. nondecreasing. □ 

We finally may handle the 
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Proof of Proposition Q3J For x G B n and t > we set Ht(x) — ma.x(H t (x), 1 — Z t (x)). 
Observe that for the LFFP, x is microscopic (or acfs Zzfce a barrier) if and only if H t {x) > 0, 
and if so, it will remain microscopic during exactly [t, t + H t (x)). 

For a; € £> n and t > 0, we also introduce Z t (x—) = lmiy^ x _y <x Z t (y) and Z t (x+) = 
\\m. y ^ XtV>x Z t (y), which represent the values of Z t in the cells on the left and right of 
x: since x E £>„, it is at the boundary of two cells c_,c + € C n , and then Z t (x— ) — Z t {c-) 
and Z t {x+) = Z t (c + ). 

We consider the set of times /C := {t S {0,T}, there is x S (— A, ^4), Ht(x) = but 
H t -e(x) > for all e > small enough}. By construction, we see that /C C {l,Tj + 1,1* + 
Z ri -(Jfi),i= C {1, Ti + 1, Tj + (Ti — Tj),0 < j <i<n}. 

We work conditionally to M , by induction on q = 0, n. Consider the assumption 

(H q ): (i) For all c G C 9 , all e > 0, lim A ^ P M (\Z^(c) - Z Tq (c)\ > e) = 0. 
(ii) For all x G B q , all e > 0, 

lim P M ( | #t„<» - H Tq (x)\ > £)l{ff T(i (x)>l- m m(^(x-),Z Xa (x+))} = 0, 

limP Af (iJ^(a;) > i?^) + ^{H Tq (x)<t-min(z Tq { x -),Z Tq (x+))} = 0. 

(hi) lim^oP/tf^q) = 1 (recall Lemma H4l). 

First, (Ho) is obviously satisfied, because T = 0, C = {—A, A), Z$((-A,A)) = = 
Z ((-A, A)), Bo = 0, and£ A = 

The proposition will essentially be proved if we check that for q = 0, n — 1, (7i g ) implies 

(a) for c G C„ £ > 0, lim A ^ Pa/(sup [TijiTij+i) |Z a (c) - Z t (c)\ > e) = 0; 

(b) for x S {-A, A) \B q ,e> 0, lim A ^ Pm(su P[t?)T((+i) |Z A (x) - Z t (a;)| > e) = 0; 
{c)forxeB q ,te[T q ,T q+1 ),e>0, 

\im ¥ M (\Hf(x) - H t {x)\ > e)t{Ht{x)>l-rmn{Z t {x-),Z t {x+))} = 0, 

lim i P M {Ht{x) > H t (x) +e)l {Ht (x)<i-min(z t (x-),z t (x+))} = 0; 

A — ►U 

(d) for x G {—A, A) \ B q , t G (T q ,T q+1 )\)C, e > 0, lim^ P M (S(D?(x), D t (x)) > e) = 0; 

(e) for x G (—A, A) \ B q , e > 0, lim A ^ Pa/(/J +1 6{D*(x), D t (x))dt > e) = 0; 

(f) (H q+1 ) holds. 

We thus assume (H q ) for some q G {0, ...,n — 1} fixed, and prove points (a), (f). We 
repeatedly use below that on the time interval [T q , T q+ i), there are no fires at all in (—A, A) 
for the LFFP, and no fires at all during [T q log(l/A), T q+1 log(l/A)) for the A-FFP. 

Points (a)-(b)-(c). Set Co (*) = Vt io g (i/A)(*)' an< ^ consider the i.i.d. Poisson processes 
P t x (i) = N (Tg+t)log(1/x) (t) - N Tqlos(1/x) (t) with rate log(l/A). Then for t G [T q ,T q+1 ), 

^togd/AjW = min (Co(0 + i?_ T ,(*)> !)• 

Point (a). Let c G C q . Observe that (H q )-(i) says exactly that with h = 1 — Zx q (c) G [0, 1], 
log(l + #{fc G c A ,C A (fc) = 0})/log(l + #(c A )) tends to h in probability (for P M ). 
Applying Lemma [TBI 1- (a) (with J = c), we get that supp^j^) |1 — Z^(c) — (h—(t — T q )) + \ 
tends to in probability (for Pm)- But for t G [T qi T q+ i), we have Zt(c) = min(ZT 9 (c) + 
(t - T q ), 1) = min(l - h + (t - T q ), 1) = 1 - (h - (t - T 9 ))+. Point (a) follows. 
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Point (b). Let now x G {—A, A) \ B q . Then x £ c, for some c £ C g . Due to Lemma HH1 we 
know that (Co W)»ec A are exchangeable on £ A . The previous reasonning, using Lemma fTBl -1- 

(b) instead of Lemma [TBI 1- (a) shows that for all e > 0, limA^o Pat su P[t<, t,, + i) \^t( x ) ~ 
Z t {x)\ > e) = 0. We conclude using (7i g )-(iii). 

Point (c). Let a; G /Bq, and set /i = Hx q (x). By construction, for all £ £ [T g , T g +i), 

# t (x) = max (mia(ffT,(i) - (t- T,), 0), 1 - min(Z Tg (x) + (t - T q ), 1)) = (ft - (t- T q ))+. 

We consider two cases separately. 

• First assume that HT q (x) > 1 — min(ZT q (x+), Zx q (x— )), so that Ht (x) — Hr q (x) = h. 
This implies that Ht(x) > 1 — min(.Zt(x+), Zt(x— )) for all t £ [T q ,T q +i). Then we know 
by Wg-(ii) that iJj, (x) tends to &T q (x) = h in probability (for Pm)- Using now Lemma 
[T6l-2-(a s ). we deduce that supp^ T j |i? t A (x) — (h — (t — T q )) + \ tends to in probability (for 
Pm)- We conclude observing that by construction, H t (x) = (ft— (i — T g )) + fort £ [r g ,T 9+ i). 

• Next assume that Hr q (x) < 1 — min(ZT q {x+), Zr q (x—)), from which of course H t (x) < 
1 - vam{Z t {x+),Z t {x-)) for all t £ [T g ,T g+i ). Then we know by H q -(ii) that fl£ (x) is 
asymptotically (when A — > 0) smaller than HtAx) = ft. in probability (for Pm)- Using now 
Lemma fT6l-2-(b). we deduce that H^(x) is asymptotically smaller than (ft — (i — T q )) + in 
probability (for P M ). We conclude using that H t (x) = (ft - (t - T q )) + for t £ [T g ,T g+ i). 

Points (d)-(e). First (e) follows from (d). Indeed, observe that S(I,J) < 2A for any 
intervals I,J C (—A, A). Thus for x £ (—A, A) \ B q , (d) and the Lebesgue dominated 
convergence Theorem imply that for t £ [T q ,T q+ i) \fC, lim^o Em (8(Dt(x), D t (x))) = 0. 
Since now JC is finite, we deduce from the Lebesgue dominated convergence Theorem that 
lim A ^ /jf^ 1 E m (5(D£(x), D t {x)))dt = 0, from which (e) follows. 

Let now x £ (—A, A) \ B q and t £ (T q , T q+1 ) \K,be fixed. 

Case Z t (x) < 1. Then D t (x) = {x}, so that 5(D t (x), £> A (x)) = |£> A (x)|. But we get 
from (P-© that |L> A (x)| < A 1 " 2 ^ log(l/A). Since we know from (b) that Z t A (x) goes to 
Z t (x) < 1 in probability (for Pm), we easily deduce that |D A (x) goes to in probability 
(forP M ). 

Case Z t (x) = 1. Then D t (x) — [a,b] for some a,b £ B q U {—A, A}. We assume that 
—A < a < b < A for simplicity, the other cases being treated in a similar way. We thus have 
Z t (c) = 1 for all c £ C q with c C (a, 6), H t (y) = for all y E B q (~] (a, 6), and H t (a)H t (b) > 0. 

Step i. First, we prove that for any e > 0, lim,\->o Pm(-D a (x) G [a — e, 6 + e]) = 1. Let us 
consider e.g. the left boundary a, and prove that lim^o Pm(-D a (x) G [a — e, A]) = 1. 

• Assume first that h a := H t (a) > 1 — Zt(a—) = 1 — min(Z t (a— ), Z t (a+)) (in the present 
situation, we necessarily have Z t (a+) = 1), so that i/ A (a) = h a > 0. We deduce from 

(c) that lim^o Pm (Hf (a) > h a /2) = 1, which implies that there are vacant sites in a\, 
that is lim,\_>o Pm(3 * G ax, %iog(i/A)(*) = 0) = 1. Recalling the definition of a\ (see 
(TlOl) '). we see that this implies that lim^o Pm(-D a (x) G [a — 1/ log(l/A), A]) = 1, whence 
liniA^oPM^^aO G [a - e, A}) = 1 for any e > 0. 

• Assume next that ft a := H t (a) < 1 — Z t (a— ). This implies that z a _ = Z t (a—) < 1. 
We deduce from (b) that for e > small enough (so that (a — e, a) is included in the cell 
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c G C q with right boundary a), Z^(a — e/2) tends to z a _ < 1. By the previous case (case 
Z t (x) < 1), this implies that D^(a — e/2) tends to {a — e/2}, whence of course, as A — » 0, 
Dt(x) C [a — e, A] with probability (Pm) tending to 1. 

Step 2. We next prove that lim A ^ FAf((a+l/log(l/A), 6- l/log(l/A)) C D£(x)) = 1. Since 
t £ K, we deduce that there is s G (T g , i) such that Z s (c) = 1 for all c E C q with c C (a, b) 
and H s (y) — for all y G B q n (a, b). We deduce from (a) that for all c E C q with c C (a, 6), 
lim A ^ P M (Z A (c) > 1-e) = 0, whence, by Lemma EG2-(i) lim A ^ P M (Z t A (c) = 1) = 1. 
Similarly, we deduce from (c) that for all y G B q with y G (a, 6), lim A ^ ^u{Hg(y) > e) = 0, 
whence, by Lemma [131- (ii) lim A ^ ^M{H^(y) = 0) = 1. As a consequence, lim A ^ Pa/ ((a + 
l/log(l/A),6- l/log(l/A)) G D£ (x)) = 1. 

Steps 1 and 2 conclude the proof of Point (d) . 

Point (f). We show here that (H q +i) holds. We set z := ZT q+1 -(X q+ i), and treat sepa- 
rately the cases z G (0, 1) and z = 1. We a.s. never have z = 0, because ZT q+1 -(X q+ i) = 
mm(Z Tq (X q+ i) + {T q+ i - T q ), 1), with Z Tq (X q+1 ) > and T q+1 > T q . 

Case z G (0,1). In that case Dx q+1 - (X q+ \) — {X q+ i}, and for all c G Cg+i (thus c C c 
for some c G C 9 ), Zj" 5+1 (c) = Zt„ +1 -(c). We have Hr q+1 (X q+ i) = max(z, 1 — z), and for 
all x G B q , HT q+1 {x) — HT q+1 -{x). Consider the event f2 A = {Zij, _(X q +{) < z + a}, for 
some a G (0, 1 — z). Point (b) implies that lim A ^o Pa/ (^a) = 1 (because A g+ i ^ 
On ft A , we have #(C* +1 log(1/A) _ PQ+i)) < (1/A) 2+Q (see ©). Since z + a < 1, we 
deduce that on fi A , #(C A wi/a)-(^9+i)) < l/(2Alog 2 (l/A)) ) at least for A G (0,1) 
small enough. Thus on f2 A , for all c G Cq+i, there is a vacant site (strictly) between 
c\ and G , T + iiogfi/A)-PQ+ 1 ) - Hence £ A n fi A G Using 7i q -(in), we deduce that 

lim A ^oPM(^ A +1 ) = 1. 

This also implies that on il A , for all c G C g +i, Z^ +1 ( c ) — -^t + i-( c )' an< ^ thus Point ( a ) an d 
lim A ^ PAf(^ A ) - 1 imply that hm A ^o ^m{\Z^ (c) - Zr,+* (c)| > e) = for all e > 0. 

For x G \ = B q , still on f2 A , we also have fi£ (x) = H^ q+l _{x), thus point 

(c) allows us to conclude that TL q +i-{ii) holds for those points x. 

We now show that limA->o Pm(|#t +1 (X q+ i) - H Tq+l {X q+ i)\ > e) = for all e > 0, which 
implies that 7i 9+ i-(ii) holds for x — X q +\. Recall that HT q+1 (X q+ i) = max(z, 1 — z). 
Consider c G C q such that X q+ \ G c, and call i> A the number of vacant sites in x\ at 
time ilog(l/A). Point (a) implies that at time T q+ i log(l/A) — , there are around (1/A) 1_Z 
vacant sites in c A . Thus by exchangeability of the family 1 \ os ti/xj— (^))-tecM ( on the 
event £ q , see Lemma fT4|). since x\ G c A , and since #(xa)/#(ca) ~ l/log(l/A), we deduce 
that ^ (l/A^/log^/A) ^ (1/A) 1 ^ on £ A . On the other hand, recalling ©, 

we have #(C^ i og (i/A)-(^9+ 1 )) — (1/A) Z - At time T g+ i log(l/A), this component is de- 
stroyed. Thus 'still on £ A . v* q+1 = + #(C£, +1 log(1/A) (A 9+ i)) ^ (1/A) 1 - + [l/Xf s 

(1/A)I „a X ( 2 ,i- 2 ). We include that fl^p^+i) = log(l + )/ log(#((X 9+1 ) A )) ~ 
max(z, 1 — z) = Hx q+1 (X q+ i). All this can be done rigorously without difficulty, and we 
deduce that for e > 0, lim A ^ P A f (|#t, +1 (^+1) - ^T g+1 (A g+1 )| > e) = 0. 
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Case z = 1. Let a, b G B q U {—A, A} such that Dx q+1 -{X q+ i) = [a,b]. We assume that 
a, b G B q , the other cases being treated in a similar way. We thus have h a :— HT q+1 -{a) > 0, 
hi, := HT q+1 -{b) > 0. We also have Ht q+1 (x) = HT q+1 -(x) for all a; G S g \[a, b], Hr q+1 {x) = 1 
for all x £ B q C\ (a,b), ZT q+1 (c) = Zt +1 -(c) for all c G C q+ \ with c (~l (a, 6) = 0, and 
%T q+1 (c) = for all c G C g +i with c C (a, b). 

Consider here 17 A the event that for all cGC, such that c C (a, 6), we have Z^ +1 _(c) = 1, 
that H^ +i _(a) > 0, that > 0, and that for all x eB q C\ (a, 6), ^(x) = 0. 

Then (a), (c) and Lemma 1151 imply that lim>_» Pm(^ a ) = 1. We easily check that £ A n 
f2 A C £ A +1 (because for c G C 9 +i with c C [a,b], we have ca C wjm_(X g |i), 
while for c G C 9 +i with c n [a, 6] = 0, the vacant sites in a\ and 6a separate ca from 
C T q+1 i og (i/\)-( X <i+i))- As a consequence, holds. 

On Ct x , we have Z T +i (c) = = Z Tq+1 {c) for all c G C q+ i with c C [a,b], and Zj, (c) = 
^T q+1 -( c ) f° r c e Cg+i with c fl (a, 6) = 0, from which TC q +i-(i) easily follows (using (a)). 

We also have, still on f2 A , Hj. (x) = 1 = Hr q+1 {x) for all x G B q +i with x G (a, 6), and 
follows for those x. For x G B q +\ with a; ^ [a, b], we have fly (sc) = fly _(#), 
whence 7i q +i-(ii) by point (c). 

Finally, we have to check that holds for x = a and x = b. Consider e.g. the case 

of a. We are here in the situation where Zt +1 = 0, so that of course, fly +1 («)<! = 
1 — min(Zy +1 (a—), Zy +1 («+))• We thus have to prove that for all e > 0, 

(11) lim Pm(^, +1 (a) > H Tq+1 (a) + e) = 0. 

First, if Zy +1 _(a) = 1, then Zy 5+1 (a) = 0, whence fly ?+1 (a) = 1 and (fITj) is obvious 
(because fly (a) < 1 by definition). 

Next, if Z Tq+1 -(a) < 1, then Z Tq+1 (a) = Zy ?+1 _(a), and thus H Tq+1 (a) = H Tq+1 -(a). But 
since the number of vacant sites can only increase at time T q+ \ log(l/A), we obviously have 
H T x (a) > fly j_(o). Since we know from (c) that liniA^o PmC^t !-( a ) ^ H Tq+1 -(a) + 
e) = 0, (fTTj) easily follows. 

Conclusion. Using points (b) and (e) above (with q = 0, n), plus very similar arguments 
on the time interval (T„,T] (during which there are no fires), we deduce that for all x$ G 
{-A,A)\B n , all£>0, 

lim P M (sup |Z A (x ) - Z t (s„)| + / 6{D?{x ), D t (x ))dt > e J = 0. 

\[0,T] Jo / 

But of course, for xq G (—A, A), we have P(xo G B n ) = 0, so that 

lim P (sup |Z A (x ) - Z t (x )\ + [ 5(D$(xo),D t (x ))dt > e ) = 0. 

\J0,T] JO / 

It remains to prove that for t G [0,T] and x G A), limA^o P(<5(£> A (£o), A(£o))) = 0. 

Case t ^ 1. We deduce from point (d) above that if xo ^ and t £ IC, then we have 
limx^oP m{S(D£(x ), D t (x ))) = 0. Since P(x G B n ) — and since P(f G /C) = (because 
t 1, recall the definition of /C), we easily conclude. 
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Case t = 1. Then t G /C, but the result still holds. Observe that Zi(xq) = 1 by construction. 
Consider q G {0, ...,n} such that T q < 1 < X^+i (with the convention To = 0, T n+ \ = T), 
and consider a,b G B g U {—A, ^4} such that Di(xq) = [a, 6]. Then using the same arguments 
as in the proof of (d) (see Step 1), we easily check that linu^o Pm(-D A (xo) C [a— e, = 1 

for all e > (the set AC was not considered there). We also check as in the proof of (d) 
(see Step 2) that for all y G B q with y G (a, b), lim^o P A /(i?i A (y) = 0) = 1 (the set £ 
was under consideration there, but the time 1 was not usefull, since 1 is a.s. not a time 
where some H(x) reaches for the first time). Finally, we just have to prove that for all 
c G C q with c C (a,b), liniA^o ¥m(Zi(c) — 1) = 1. Let thus c G C 9 with c C (a,b), 
and recall that lim^^ P M (f g A ) = 1- But on £ 9 \ there are no death event in c\ during 
the time interval [0,log(l/A)], so that each site of c\ is occupied at time log(l/A) with 
probability 1 — A, whence all the sites of c\ are occupied with probability (1 — A)#( CA ). 
Since #(c A ) < 2A/(Alog(l/A)), we get P M (Zf(c) = l|£ g A ) > (1 - \)^/(\io e (i/x)) ; which 
tends to 1 as A tends to 0. Since we know that lim^o PM(£q) = 1, we deduce that 
lim A ^ PM([a + l/log(l/A),6-l/log(l/A)] cD$(x )) = l. 

Finally, lirn\-> Fm(S(D$(x ),Di(x )) > e) = for all e > 0, which was our goal. □ 

5. Cluster-size distribution 

The aim of this section is to prove Corollary [6l We will use Theorem [5l which asserts that 
the A-FFP behaves as the LFFP for A > small enough. We start with preliminary results. 

Lemma 17. Consider a LFFP (Z t (x), D t (x), H t (x))t>o, x efi- 

(i) For any t £ (1, oo), any any z S [0, 1), P[Z t (x) = z] = 0. 

(ii) For any t G [0, oo), any B > 0, any x G R, P[\D t (x)\ = B] = 0. 

(Hi) There are some constants C > and Ki > such that for all t G [0, oo), all all 
B > 0, P[|A(z)| > B] < Ce- KlB . 

(iv) There are some constants c > and K2 > swc/i that for all t G [3/2, oo), aZZ all 
B > 0, P[|A(z)| > -B] > ce- K2S . 

Z/y_j There exist some constants < c < C such that for all t > 5/2, all < a < b < 1, aZZ 
i£l, c(6-a) <P(Z t (x) G [a,b]) <C(b-a). 

Proof. By invariance by translation, it suffices to treat the case x = 0. 

Point (i). By Definition ^ we see that for t G [0, 1], we have a.s. Z t (0) — t. But for t > 1 
and z G [0, 1), Z t (0) — z implies that the cluster containing has been killed at time t — z, 
so that necessarily M({t — z} x R) > 0. This happens with probability 0, since t — z is 
deterministic. 

Point (ii). Recalling Definition O we see that for any t G [0, T], |D t (0)| is either or of the 
form \Xi — Xj | (with i ^ j), where (Tj, Xj)j>i are the marks of the Poisson measure M. We 
easily conclude as previously that for B > 0, P(|D((0)| = B) = 0. 

Point (Hi). First if t € [0,1), we have a.s. |L>t(0)| = 0, and the result is obvious. Next 
consider t > 1. Recalling Definitional we see that |A(0)| = |£ t (0)| +R t (0). Clearly, \L t (0)\ 
and R t {0) have the same law. For B > 0, {i? t (0) > B} C {M([t - 1/4, f] x [0,5]) = 0}. 
Indeed, on {M([t - 1/4, i] x [0,B]) > 0}, denote by (t,X) £ [t - 1/4, t] x [0,5] a mark of 
M. 

• Either Z T -(X) = 1, thus this mark makes start a macroscopic fire, so that Z T (X) = and 
Z S (X) = s - t < 1 for all s G [r, r + 1). Since t G [t — 1/4, i], we clearly have t G [r,r + 1)), 
so that Z t (X) < 1. As a consequence, i?t(0) < X < B. 
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• Or Z T -(X) £ (1/4,1], so that H T {X) = Z T -(X), and thus H S {X) = Z T _(X)-(s-r) > 
for all s £ [r,r + Z T _(X)). Since t £ [t — 1/4, t] and Z T _(X) > 1/4, we have t £ [r,r + 
Z T _(X)). Thus H t (X) > 0, whence R t (0) < X < B. 

• Or finally Z T _(X) < 1/4, and in such a case Z S (X) = Z T -(X) + (s - r) < 1 for all 
s G (t,t + 1 - Z T -(X)) and in particular Z t (X) < 1, whence 5 t (0) < X < 5. 

As a conclusion, for alU > 1, P[R t (0) > 5] < F[M([t- 1/4, t] x [0,5]) = 0] = e^ 5 / 4 , whence 
P[| A (0)| > B] < P[|5 t (0)| > B/2] + F[R t (0) > B/2] < 2e~ B ' s . 

Point (iv). We first observe that for all (to, %o) such that M({to, xq}) = 1, we have max(l — 
Z t (x ),H t (x )) > for all * £ [t , t + 1/2). 

Indeed, if Zt -(xo) — 1, then Zt + s (xo) < s < 1 for all s £ [0, 1). If now z = Zt -(xo) < 1, 
then Zt a + s (xo) = s + z < 1 for s £ [0, 1 — z) and Ht + S (%o) — z — s > for s £ [0, z), so 
that max(l - Z to+S (x ), H to+s (x )) > for all s £ [0, 1/2). 

Once this is seen, fix t > 3/2, Consider the event ftt,B = s H 17^ (~l fij s , where 

• nl tB = {M([t-3/2,t] x [0,fl])=0} ; 

• Of is the event that in the box [t — 3/2, t] x [—1, 0], M has exactly four marks (Si, ^)i=i,...,4 
with F 4 < F 3 < < F x and t- 3/2 < Si < t - 1, S t < S 2 < Si + 1/2, S 2 < S 3 < S 2 + 1/2, 
S 3 < S 4 < S 3 + 1/2, and 5 4 + 1/2 > t. 

• Clf is the event that in the box [t — 3/2, t] x [B,B + 1], M has exactly four marks 
(Si,Yi) i= i t ... A with Yi < f 2 < Y 3 < % and t - 3/2 < 5i < t - 1, & < S 2 < Si + 1/2, 
S 2 < S 3 < S 2 + 1/2, S 3 <S±<S 3 + 1/2, and §4 + 1/2 > t. 

We of course havcp := F(£lf ) = P(f2j_ B ) > 0, and this probability does not depend on t > 3/2 
nor on B > 0. Furthermore, P(f2j B ) = e _3S / 2 . These three events being independent, we 
conclude that P(f2f.s) > p 2 e~ 3B ^ 2 . To conclude the proof of (iv), it thus suffices to check 
that (lt,B C {[0, B] C A(0)}. But on &t,B, using the arguments described at the beginning 
of the proof of Point (iv), we observe that: 

• the fire starting at (S 2 ,Y 2 ) can not affect [0, B], because at time S2 £ [Si, Si + 1/2), 
H S2 (Yi) > or Z S2 (Yi) > 0, with Y 2 < Y x < 0; 

• then the fire starting at (^3^3) can not affect [0, B], because at time S 3 £ [S 2 , S 2 + 1/2), 
H S3 (Y 2 ) > or Z S3 (Y 2 ) > 0, with Y 3 < Y 2 < 0; 

• then the fire starting at (S4, Y4) can not affect [0, B], because at time S4 £ [S 3 , S 3 + 1/2), 
H Si (Y 3 ) > or Z S4 (Y 3 ) > 0, with Y 4 < Y 3 < 0; 

• furthermore, the fires starting on the left at —1 during (Si,t] cannot affect [0, B], because 
for all t £ (Si,i\, there is always a site x t £ {Yi, Y 2 , Y3, Y4} C [—1,0] with H t (x t ) > or 
Zt{x t ) < 1; 

• the same arguments apply on the right of B. 

As a conclusion, the zone [0,B] is not affected by any fire during (Si V Si,t]. Since the 
length of this time interval is greater than 1, we deduce that for all x £ [0,5], Z t (x) = 
min(Z SiV g i + 1 — Si V Si, 1) > min(t — Si V Si, 1) = 1 and H t (x) = max(5 SiV ^ i — (t — Si V 
Si), 0) < max(l - (t - Si V Si), 0) = 0, whence [0, 5] C 5 t (0). 

Point (v). We observe, recalling Definition [21 that for < a < b < 1 and t > 1, we have 
i?t(0) £ [a, b] if and only there is r G [t — &, t — a] such that Z T (0) = 0. This happens if and 
only if X t , a , 6 := J t Ib J M ^-{ v eD s -(o)} M (ds, dy) > 1. We deduce that 
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where we used point (iii) for the last inequality. 

Next, we have {M([t — b, t — a] x £) t -i>(0)) > 1} C {X t . a .b > 1}: it suffices to note that a.s., 
{X t<a ,b = 0} C {Xt, a ,b = 0, A-fc(O) C D.(0) for all s G '[* - b,t - a}} C {M([t ~b,t-a}x 
D t -b(0)) = 0}. Now since D t _f,(0) is .F^-measurable, we deduce that for t > 5/2 

P (Z t (0) G [a, &]) > P [Af ((t - 6, * - a] x A-b(O)) > 0] 

> P [|A-b(0)| > 1] (1 - e-( b ~ a )) > c(l - e- (f, - a) ), 

where we used Point (iv) (here t — b > 3/2) to get the last inequality. This concludes the 
proof, since 1 — e~ x > x/2 for all x G [0, 1]. □ 

We now may handle the 

Proof of Corollary [21 We thus consider, for each A > 0, a A-FFP (r)^)t>o- Let also 
(Zt{x), D t (x),H t (x))t>a, xE n be a LFFP. 

Point (i). Using Lemma [T7]-(v) we only need to prove that for all < a < b < 1, all f > 5/2, 

limP(#(C7 ( A log(1/A) (0)) G [A- a ,A- 6 ]) =F(Z t (0) G [a, b]) . 
Recalling ([2]), we observe that 

P (#(C t A io g( i/A)(0)) G [A-, A- 6 ]) = P (Z t A (0) e [a + e(a, A), b + e(b, A)]) , 
where s(z, A) = log(l + \ z )/ log(l/A) -> as A -> (if z > 0). 

We conclude using Theorem [5] (which asserts that Z^(0) goes in law to Z t (0)) and Lemma 
[13(1) (from which P(Z t (0) = a) = P(Z t (0) = 6) = 0). 

Point (ii). Using Lemma[T7]-(iii)-(iv) and recalling fl}, it suffices to check that for all t > 3/2, 
all B > 0, 

lim P [|L» t A (0)| > B] = P [|A(0)| > B] • 

A — *0 

This follows from Theorem[S]and the fact that P(|A(0)| = B) = thanks to LemmafTTl-fii). 
□ 
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Figure 1: Shape of the cluster-size distribution 



log(P(#C(0)=x)) 
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log(x) 
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Here A = 0.0001, and the critical size is thus 1/(A log(l/A)) ~ 1085. We have drawn the approximate 
value (computed roug hly just after Corollary [6} of log(P(#(C A (0)) = x)) as a function of log(a;), for x = 
1,..., 54250. We have made the curve continuous around x = 1085 (without justification). The curve is 
linear for x = 1, 1085, and nonlinear for x > 1085. 
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Figure 2: Limit forest-fire process in a finite box 




-A A 

The filled zones represent zones in which Z A (x) = 1 and H A (x) = 0, that is macroscopic clusters. The plain 
vertical segments represent the sites where H A (x) > 0. In the rest of the space, we always have Z A (x) < 1. 
Until time 1, all the particles are microscopic. The 8 first marks of the Poisson measure fall in that zone. As 
a consequence, at each of these marks, the process H A starts. Their life-time is equal to the instant where 
they have started (for example the segment above ti, x\ ends at time 2ti). At time 1, all the clusters where 
there has been no mark become macroscopic and merge together. But this is limited by vertical segments. 
Here we have at time 1 the clusters [— A, ire], [£6,£4], [a^i^sli [£§,£5], [£5, £7] and [27, A]. The segment 
above (44,0:4) ends at time 2*4, and thus at this time the clusters [2:6, 14] and [£4,£s] merge into [£6,£s]. 
The 9-th mark falls in the (macroscopic) zone [£6,£g], and thus destroys it immediately. This zone [£g,£s] 
will become macroscopic again only at time tg + 1. Then a process H A starts at £12 at time ti2. Since 
Z A _{x\2) = ti2 — tg (because Z A (xvi) has been set to 0), the segment above (ti2,£i2) will end at time 
2ti2 — tg. On the other hand, the segment [£$,£7] has been destroyed at time tio, and thus will remain 
microscopic until tio + 1. As a consequence, the only macroscopic clusters at time tg + 1 are [— A, £12], 
[xi2,X8] and [x7,A]. Then the zone [xg,X7] becomes macroscopic (but their has been marks at Xi3,xi4), 
so that at time tio + 1, we get the macroscopic clusters [— A, £12], [xi2,£i4], [£14,£13] and [£13, A]. These 
clusters merge by pairs, at times 2£i2 — tg, 2ti3 — tio and 2ti4 — (10, so that wc have an unique cluster 
[—A, A] just before time tis, where a mark falls and destroys the whole cluster [—A, A]. 

With this realization, wc have £ (xn , £15), and thus Z A (0) = t for t £ [0, 1], Z^(0) = 1 for t e [1, tio), then 
Z A (0) = t - tio for t e [tio, tio + 1), then Zf(0) = 1 for t 6 [tio + l.tis),... Wc also sec that -D^(O) = {0} 
for t e [0,1), Df(0) = [x8,xb] for t € [l,2t B ), D A (0) = [x$,x 7 ] for t e [2t 5 ,tio), D A (0) = {0} for 
t e [tio, tio + 1), D A (0) = [£i2,£i 4 ] fort 6 [tio + l,2ti2-t 9 ), D A (0) = [-A,£ i4 ] fort e [2ti 2 -t 9 , 2t i4 -tio), 
... Of course, Hf(0) = for all t > 0, but for example H A (xn) = for t G [0,tn), H^(xn) = 2tn -tio-t 
for t £ [tn, 2tn — tio), and then H A (xn) = for f € [2tn — tio, 00). 
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Figure 3: The event fi a (proof of Theorem [3]) 




t=0 I—: : 1 

a a+1 

In hachured zones, we cannot say the values of the LFFP, because one would need to know what happens 
outside [a, a + 1]. 

Microscopic fires start at (Ti , X\ ) and (T\ , X\ ) . Hence at time Si — the connected component [X i , X\ ] 
is macroscopic, because Si > 1, and because during [l,Si), this component has not been subject to fires 
starting outside [a, a + 1]: it is protected by X\ and X\ until time 2min(Ti,Ti) > Si. As a consequence, 
the component [Xi, X\] is entirely killed by (Si, Yi). Then we iterate the arguments until we reach the final 
time T. 

With such a configuration, there are always microscopic sites in [a, a+1] during [0, T]. Indeed, during [0, 1), 
all the sites are microscopic, during [1, Si), the sites X\ and X\ are microscopic, during [Si, Si + 1), all the 
sites in [Xi,Xi] are microscopic, ... 



